EAIi| ID# 1
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General instructions / —#% 2iHH

Japanese translations may follow the English text. If the English and Japanese
versions of any text differ in meaning, the English text is correct. Please ask for
clarification if you have any doubt. Any corrections will be posted.
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Be sure to write your name and student ID number on each sheet.
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Several problems in Economic Dynamics are presented below. You may answer
in Japanese or English. In Japanese, please take great care in writing kanji. Avoid
abbreviated kanji; the only one I know is the 3-stroke mongamae.
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Use of notes, textbooks, dictionaries, and so on is prohibited. All calculations
are simple, so the use of calculators is also prohibited. Some dictionaries may be
provided at the examination.
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As usual, the only items that should be present on your desk are pencils, pens,
erasers, pencil sharpener, watch, and the examination paper. Put other items in your
bag and place the bag under the seat or desk, or on the seat next to you.
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Instructions are continued on the back of this page.
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General instructions, cont. / —f& el D &

Except for calculations, I can give complete answers to most problems within 3
lines. Some questions can be answered correctly with 2 or 3 words. Students usu-
ally more space to express their answers, but you should try to avoid making these
problems harder than I intend them to be. Answers will be evaluated on presence
of the correct idea, not the quantity of words used.
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Below each problem enough space is provided for a complete answer. Please
write your answers there. If you need more space for an answer, use any available
empty space. Clearly indicate where the additional text is, and label it clearly with
the question it answers. A figure with axes is provided for graph problems. Please
use it. In calculations, in addition to the result itself, please also write any equations
used, and if needed, how you derived them.
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Problems - [i]/&

Each question is worth 10 points, unless otherwise specified.
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1. [Problem ID #29] Solow model; neutral progress
Recall that in the Solow model with (Harrod-neutral) technological progress,
the characteristic equation is k = s f (k) — (n+ d+ A\)k. Name and briefly
describe each of the following symbols from the characteristic equation:

(~oy Fear) BfER 2 G LY — o€ 7L TIREARTT AL
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(a)

(b)

(c)

(d)

(e)

k

k is K /L the capital-labor ratio (or “per-capita capital”). It is the
state variable of Solow s model.

s

s is the saving rate in the economy, or the share of output devoted to
investment in capital.

n

n is the population growth rate, L/L 1t is a pure number since it is
measured relative to the population.

A

A is the rate of labor-enhancing technological progress, or the growth
rate of labor productivity.

What is the steady state growth rate of per capita consumpion ¢ = %?
— A4 D DWE c = ¢ OEBRETORREL HIT,

It is n, because all macro variables grow at that rate in steady state
(that is why it is called “balanced growth.”)

2. [Problem ID #107] CRTS computation
A neoclassical, constant returns to scale (CRTS) production function is a cru-
cial assumption in growth theory.
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(@)

(b)

For a generic production function F'(K, L), write the condition it must
satisfy to be considered CRTS.

— A PEBI B (K, L)D3CRTSIC 7% 2 Stk 2 T,

AF(K,L) = FO\K, \L).
For the Cobb-Douglas production function, F(K,L) = AK“L!~2,
derive the per-capita production function f(k).
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Flk) = F(k,1) = Ak*11=2 = Ak,

3. [Problem ID #42] growth: Solow; convergence: draw OECD freehand

Consider the convergence hypothesis for the OECD, which does show his-
torical evidence for the convergence hypothesis.

(a) Give the convergence hypothesis.
AR 2 &
The convergence hypothesis states that the parameters of the Solow
model should be quite similar for different countries, and since there
is a unique stable steady state, in the long run all economies should
converge to that steady state, differing only in population and the other
macro variables (which are all proportional to population).

(b) Explain why the convergence hypothesis seems likely to be true, refer-

ring to the parameters of the characteristic differential equation.
BRPRREDS D\ 5 ) 2 i Lo RO A D3
TIR—F—fiinb Z E,
Technology is knowledge and skill, and all human beings are capable of
acquiring that knowledge and skill, so the production function f and the
depreciation rate d should be common to all countries. While savings
rates and population growth rates vary substantially, the “advanced”
countries seem to have similar parameters, so we may expect the emerg-
ing market economies to converge there as well.

(c) Draw “before” and “after” graphs of growth rate (y/y) and income (y,
where the unit is US real per-capita income in each period) for four
countries whose situation is similar to the OECD.
OECDDRIMZ BT 2 4 7 HOBER (y/y) N (y. 7272
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4. [Problem ID #94] simple fishery; phase diagram analysis; logistic

(30 points) We discussed the fishery model of a single population as renew-
able resource with constraints on growth. Consider the logistic model of
population growth:

b

Z=H(Z)=aZ(1 - ~2).
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Figure 1: Convergence examples
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(a)

(b)

(©

Z=H(Z)=aZ(1 - SZ)

What do the expressions a and bZ represent? (Hint: it may be useful
to expand the expression given for H(Z).)

at bz EvHIRIMERET 22, (v b H(Z) ORI
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a is the birth rate as a fraction of the population. bZ is the death rate.
Note that bZ depends on the population and is increasing, so there is a
(negative) congestion externality to population.

What can you say about the case b = 0?
b=0 DHEEITIMTDE R 50

This is the unconstrained population growth case. You can interpret a
as the difference between the birth rate and the death rate.

Show that H satisfies the four conditions for a bell curve.

H B3OV D 4 &b 2 07-3 2 & 2EEHE X,

=

= Z = ¢ where H(Z) = H(Z) = 0. Z* = 4 satisfies
H'(Z*)=0 ndZ <Z*< Z
H'(0)=a>1,and H'(Z) = —2b < 0.
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(d)

(e)

)

Solve for the populations Z and Z such that H(Z) = H(Z) = 0.
ME# Z & Z 3 HZ) =HZ) =0 %, Z& Z Oz
R &k,

Separating the factors, we have Z = 0 and 1 — %Z =0.SoZ =0and
Z=7%. i

What is special about the populations Z and Z?

R Z & Z OFHg 2 HHE X,

They are steady states.
Solve for the population Z* such that H'(Z*) = 0.
H'(Z*) =0 Ziiife $ RN 2+ DOz Rk X,

Done in part ??.

Now consider the basic model of a constant level of extraction y > 0:

szﬂ@:mZﬂ—g@—

(This is also called an “open loop” dynamic system.)
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(h)

Consider the set of steady states of this system. The populations in this
set change gradually as y increases from 0, and at certain “sufficiently
high” levels the set itself changes dramatically. At what level or levels
do the “dramatic” changes in the set occur?
EWMREDOEGZEZ L ). BEDORMESyDL )6 DY
NS & o THFRICEB) T 205, RER TEvy KEPELED
@It Db 25, ZDKRERZRD X,

The “dramatic” change occurs at y* = H(Z*). Fory < y* there are
two steady states (one unstable, one stable), at y* there is one (unstable)
steady state, and for y > y* there are no steady states.

Solve for the set of steady states, taking care to account for the “dra-
matic” changes as y increases.

yDIENINZ X 2B EDBOEALZ BLE L 722036 EFIREE A%
K X,
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(1)

)

For 0 <y < y* the steady states are the solutions to the equation
0=Z=H(Z) -y, or —bZ*+ aZ —y = 0, which has two solutions
at+/a?—4by

2b
At y* the steady state is Z*.

Above y* the set of steady states is empty.

Which steady states are stable? Which are unstable?
LIEER NG & AN LEEHIREZ EIT,

For 0 < y < y* the smaller steady state is unstable, and the larger
one is stable.

At y* the only steady state is unstable.

On the graph below, sketch H and its relation to y. Add labels to indi-
cate the various important parts of the graph. (Don’t forget the axes!)
DTorZ77icHE, vyt HEDBRZEE X ZIZHT,
HEHIRXCHTIZ I NV 2R 2, @bENTIC!)
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5. [Problem ID #91] diffeq: solve differential equation

Verify that P(t) = Ae is a solution to the differential equation 42 = \P.

P(t) = AeM DI TR &L = \P OffTH 5 T & 2R X,

dP d
el A At
dt arc
= MMeM = \P.

6. [Problem ID #5] exhaustible, renewable; definition
Describe exhaustible resources, both the general case of renewable resources
and the special case of (pure) exhaustible resources.
REEZHPFUIS OB TIBN K, — R 72 L REEIR & R g DAtk
REE2ER2EL I &,

(a) Give a verbal definition of renewable resource.

BETHAEWEEROER 2 HIT,

A renewable resource is an exhaustible resource that has a bounded
positive rate of increase, and thus is self-renewing.

(b) Give a mathematical description (in terms of variables and functions)
of a renewable resource.

Bk (B8 Bk &) o EIROE R 2 H T,

Let the stock of the resource be Z. Then the resource stock satisfies the
differential equation

for some function H where y(t) is the amount used by society at time t.

(c) Give a verbal definition of pure exhaustible resource.

BIETHERC ¥ 2 HPDERZ EH T,

A pure exhaustible resource is one which can only be used up; its stock
can never increase.

(d) Give the mathematical restriction that characterizes a pure exhaustible
resource as a special case of a renewable resource.
PR E RO & LcBel (2% - BB L) o<
X2 HERDERZFH T,
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7.

[Problem ID #93] microeconomics; equilibrium, steady state

In intermediate economics, equilibrium is defined as a state in which all vari-
ables take on values so that no agent has an incentive to change behavior.
Economic dynamics takes a different approach.

AFIREFATIE T A TRTOLERDMHED S L TIlkfTE 2 4
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(a) Define steady state as used in dynamics.
AT NERIRE) DEREEZHIT,
In a steady state, the rate of change of the state variable is zero, so the
state does not change.

(b) Explain why dynamics focuses on steady state rather than equilibrium.
(Hint: the Solow model of economic growth may be a good example.)
B gl cla e C CERIREEZ B IS 2 Bl 2 B X
In equilibrium, no variables will change because all agents are making
optimal decisions. In steady state, the state variable does not change,

but other variables can change as long as they don't change the state
variable.

[Problem ID #23] growth: Solow; basic abstraction: no bond
market

Some macroeconomic models include the bond market as a source of finance
for the government deficit. Why does Solow’s model omit the bond market?

27 ARFEFETNVICBINR T Z2HO 272D ICEHBEZ2EAT S, V
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In the long run the bond market will be in equilibrium, so we can ignore it.
Since the bond market does not affect private investment (s is constant) or
the labor supply (L(t) is exogenous) in Solow’s model, it explains nothing
and only adds useless complexity.



