Basic Data Analysis
Stephen Turnbull
Business Administration and Public Policy
Lecture 6: May 16, 2013
Abstract
Concluding discussion of expectation of random variables.
We introduce various forms of statistical inference based on
models, including estimation, interval estimation, and hypothesis
testing.
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About teamwork
• Many studies show that the quality of education an individual
student gets is most closely related (correlated) to the quality of
students in his class or school.
• This could be due to sorting of “good” students into “good”
schools with “good” facilities and “good” teachers, and the
“good” teachers do a “good” job of teaching.
• However, there is strong evidence that there is a direct eﬀect of
the quality of students around any given student.
– Strong inﬂuence by peer example.
– Peer pressure.
– Relative positioning in class.
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Getting the most out of your teammates
• American vs. Japanese models of business
– Business as war
– Business as a game (team sport)
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Business as war
• Intense training for individuals and teams
• Life or death (physical or socio-economic)
• “Military precision” in cooperation emphasized over individual
performance
• Deliberate sacriﬁce of individuals by organization
– But: “Purple Heart” (conspicuous bravery in combat)
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Business as a game
• Intense training for individuals and teams
• “Free resurrection”—there’s always next year
• Opportunistic individual performance valued
– Prominence of superstars
• Self-sacriﬁce
– in training: organization demanded (enforced by oﬃcial
sanction including termination and by peer pressure)
– in contest: organization often opposed! (pitch counting in
baseball)
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Education as war or game?
• Analogy imperfect: team members in war and sports have
asymmetric roles, but students are symmetric
• Nevertheless, cooperation among students is growth opportunity
• Challenge, don’t cheat (especially not early!)
• Sacriﬁce immediate convenience to common good, in particular
think about how your behavior aﬀects others
• Take the long-run view: cliques can give advantage in
competition for scholarships and school honors, but unless you’re
at the very top, a more general cooperation produces the most
externalities
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Expectation
• Like empirical distributions, we compute moments of probability
distributions. These are called the expectation of the
corresponding functions of the corresponding random variables.
• We use the notation E[X] for the expection of X, and in general
for a function g, E[g(X)] is the expectation of g(X).
• For a discrete random variable X with support {x1 , . . . , xn } and
mass function p(x), the mean of X, denoted E[X], is
E[X] =

n
∑

xi p(xi ) = x1 p(x1 ) + · · · + xn p(xn ).

i=1

• For a continuous random variable X with density f , we have
E[X] =
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xf (x) dx.
expectation

Linearity, independence and expectation
• The most important (and convenient property) of expectation is
linearity.
• This means that the equation
E[a + bX + cY ] = a + bE[X] + cE[Y ]
is satisﬁed for all r.v.s X, Y and all numbers a, b, and c.
• This is not true for other formulæ, for example E[X 2 ] ̸= (E[X])2
and E[XY ] ̸= E[X]E[Y ] (except in some special cases).
• Almost as important is the fact that if X and Y are independent
r.v.s,
E[XY ] = E[X]E[Y ].
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Mean of a probability distribution
• The mean of a probability distribution, like the mean of an
empirical distribution, is a measure of location. It is the center
of mass of the distribution (just as in physics).
• The Cauchy distribution has no mean! A Cauchy random
variable is the ratio of independent normal random variables. It
is also the limiting case of the Student t distribution we will
meet later, with “one degree of freedom.”
– A distribution without mean has inﬁnite support and “fat
tails.”
– All distributions have well-deﬁned median and mode
(possibly multivalued, but the characteristics of “argmax” of
f and F (x) = 12 can be deﬁned).
– Mostly a weird example, but easily constructed.
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Variance and standard deviation
• We deﬁne the variance of a random variable X as
V[X] = E[(X − E[X])2 ]. (Note this deﬁnition can be used for
both discrete and continuous random variables. In fact it also
generalizes to mixed random variables. Use of notation to
generalize is the most important idea and use of mathematics.)
• Fact: V[X] = E[X 2 ] − (E[X])2 .
• We deﬁne the standard deviation of the random variable X to be
the square root of the variance of X. (No notation yet.)
• We interpret the standard deviation as an “average or expected
deviation.” As with empirical distributions, it weights large
deviations “more heavily” than small ones, and thus is larger
than the mean absolute deviation E[|X|].
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Other expectations
• As with empirical distributions, we can deﬁne skewness to be
3
3
E[(X − E[X]) ]/(V[x]) 2 .
• We also have kurtosis, as E[(X − E[X])4 ]/(V[x])2 .
• It is often useful to compute other expectations. For example,
suppose we know a ﬁrm’s revenue as a function of unit sales
R(Q), and the costs as a function of unit sales C(Q). If we know
the distribution of Q, we can compute the expected proﬁt of the
ﬁrm as E[R(Q) − C(Q)].
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Warning: probability distribution vs.
random variable
• I have used them more or less interchangeably, but probability
distribution and random variable are not the same.
• Let Ω = {boy, girl}. Let P (boy) = P (girl) = 1/2. Deﬁne X
by
X(boy) = 0,

X(girl) = 1,

Y (boy) = 1,

Y (girl) = 0.

and Y by
Then pX (0) = pY (0) = 1/2, and pX (1) = pY (1) = 1/2. The
distributions pX and pY are identical, but the values of X and Y
can never be the same! (Completely dependent.)
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Statistical inference
• We saw the problem of a new vaccine of unknown eﬀectiveness.
• We wanted to conduct an experiment to ﬁnd out how well it
works.
• There were reasons to believe that some times it would be more
eﬀective than others for reasons unrelated to the treatment (e.g.,
in a year when few people get sick, few will catch it from them).
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Models for statistical inference
• So a model: the fraction of people from “Group i” who get sick
is a random variable Xi with support 0 ≤ x ≤ 1 and continuous
distribution with density fi (x).
• If we know fi for various groups i, then we can do comparisons
(for the experiment) and predict the likelihood of an epidemic.
• We’d like to know fi . Finding out is the estimation problem.
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Estimating fi
• fi is a distribution for a continuous variable. To deﬁne fi we
need a density value for every possible proportion in
0 ≤ x ≤ 1—but there are an inﬁnite number. We can smooth
and interpolate, but it’s still a lot of numbers.
• Pick an event such as {ω : Xi ≤ 0.2} and estimate its probability.
• Take some statistic such as E[Xi ] and try to estimate it.
• The approaches above are called non-parametric estimation.
Alternatively, we could specify a parametric form for fi , i.e., a
formula with some parameters in it, and try to estimate the
parameters (parametric estimation). A very common parametric
form is the normal distribution N (µ, σ 2 ). The problem is to
“guess” (estimate) µ and σ 2 .
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Other inference problems
• Interval estimation: give limits for a parameter vs. a “best
guess.”
• Hypothesis testing: verify a quantitative statement.
• Prediction: “guessing” what X will be “next time” (e.g., Xn+1 ).
• Multivariate distributions: the distribution of the policy variable
(e.g., number of people who get sick) depends in a statistical
way on other variables (“correlation”).
• Regression analysis: the distribution of the policy variable
depends in a functional way on other variables.
• Factor analysis: often used in data mining to extract causation
relationships, or simply correlations, with a “small number” of
underlying factors (causes).
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Estimating the mean of a distribution
• Consider the problem of determining the distribution of heights
of students in the university. We say all students constitute the
population under study.
• We could measure the heights of all students and count how
many at each height, thus constructing the distribution. This is
expensive; we may prefer a method based on a “representative
sample.”
• If we compute the mean of the distribution of heights in our
sample of students, this is an estimate of the mean of the heights
of all students.
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Estimators
• The process of (1) computing the mean of the sample and then
(2) using it as an estimate of the mean of the population is
called an estimator.
• An estimator is a process or algorithm for making an estimate.
• An estimator is a random variable whose value is used as an
estimate of some parameter of interest.

May 23, 2013

18

estimators deﬁnition

Estimating the frequency of a random
event
• Consider a die that may not be “fair,” i.e., some sides come up
more frequently than others. Let’s check the side labeled “1”.
• We cannot speak usefully of “counting the population” here.
• We can take a sample by rolling the die n times.
• Make this an estimator of a mean by constructing the random
variables Xi where Xi (1) = 1 and otherwise Xi (ω) = 0. (Recall
that this is a dummy variable and allows us to count how many
time “1” comes up.
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Using the estimator
• If the die is fair and the rolls are identical, the distributions of
1
the Xi are identical. Then µ = E[Xi ] = 1+0+0+0+0+0
=
.
6
6
• We estimate µ with µ̂ =

1
n

∑n
i=1

Xi , the mean of the sample.

– α̂ is a common notation that usually means “estimator of α”
in economic statistics.
• Note the diﬀerence between the above expressions for µ and µ̂.
– µ is computed according to the distribution of Xi (which we
assume to be the same for all i).
– µ̂ is a simple average of the sample values (alternatively,
according to the distribution of the sample).
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Using the estimator
• We will need a way to measure “close enough.”
– The unit will be the population standard deviation.
– Sample’s standard deviation as estimate of the population’s.
• We need to know about bias and accuracy of our estimators.
Bias and accuracy are properties of estimators, not of estimates!
• Error is the interesting property of the estimate. But we cannot
know the error (an important exception is prediction).
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Sampling
• A sample is a set of observations on an “underlying” distribution.
– The underlying distribution may be an actual population
(e.g., our university students).
– It could be a repeatable random experiment (rolling a die).
– Or some mixture (typical business problems).
• A representative sample is one whose empirical relative frequency
distribution is the “same” as the underlying distribution.
– This must be an approximation, unless we already know the
underlying distribution.
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Random sampling
• Some samples are inherently based on random events, like rolling
a die. There is no physical population to count.
• In the case of a physical population, there are many ways to
choose a sample. We can pick the “representative” members.
– This assumes we know enough to judge which members are
representative: but that’s what we want to ﬁnd out!
• If we pick at random, then the population distribution itself
determines how likely each member is to be selected for the
sample.
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Independently, identically distributed
• Usually abbreviated i.i.d.
• Identically distributed of course just means that we use the same
distribution function F for all Xi .
• Independently distributed means that for all i ̸= j, Xi and Xj are
independent random variables.
• Recall that Xi and Xj are independent when
P [ω : Xi (ω) ≤ xi and Xj (ω) ≤ xj ] = F (xi )F (xj )
for all possible values of xi and xj (i.e., the values in the
support).
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Independence and sampling: I
• Consider a jar containing 3 balls, red, white, and blue.
• Suppose we take out a ball, which turns out to be red, and then
one which turns out to be blue. What color is the next draw?
• This procedure is called “sampling without replacement.” The
probabilities of the colors change with each draw, and therefore
the samples are not independent.
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Independence and sampling
• Consider our jar containing 3 balls, red, white, and blue.
• Suppose we take out a ball, which turns out to be red, and then
put it back in the jar. Then take out one which turns out to be
blue, and put it back. What can you say about the color of the
next draw?
• This procedure is called “sampling with replacement.” The
probabilities of the colors do not change with each draw, and
therefore the samples are independent.
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About “randomness” in sampling
• People often use the word “random” to mean “equal
probability,” but it doesn’t mean that in theory or in practice.
• In theory, as we have seen, even if we don’t distinguish among
our primitive events ω ∈ Ω, we can still assign probabilities to
the individual ωs arbitrarily. P (ω) = 1/#Ω is true only if we say
it is.
• In practice, there may be latent variables that aﬀect the
probabilities of selection. If one of the balls in the jar is coated
with a slimy or sticky liquid, it may be less likely to be selected.
(If they aren’t balls, but rather are cookies, you can probably tell
the diﬀerence between Oreos and chocolate chip cookies by feel.)
• So even with a “balls in jar” experiment, we need to describe the
balls as identical in every way that could aﬀect choice.
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When do we use diﬀerent kinds of
sampling?
• With random events, we have no way to control dependence.
• In sampling a univariate variable, we strongly prefer
independent observations, and thus for a small population we
want random sampling with replacement.
• For large populations, random sampling without replacement is
“close enough” to i.i.d. for our purposes.
– For observations on people, sampling with replacement is
problematic. There’s measurement error, so you want to
actually ask twice, but then the subject gets annoyed.
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Stratiﬁed sampling
• For some uses, stratiﬁed sampling can improve
representativeness. This relies on non-independence!
• Men and women have diﬀerent distributions of many things.
Suppose we have a population which is only 10% female.
• The small number of women in a random sample means
statistics for women will be inaccurate. Comparisons with men
will be inaccurate, too.
• The accuracy of the comparison can be improved by deliberately
constructing a sample with more women than their
representation in the population.
– If the goal of the study is comparison only, then having equal
numbers of men and women in the sample is best!
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Estimating the mean of a distribution,
again
• We return to the problem of studying the distribution of heights
of the population of students in the university.
• We pick a random sample, which we suppose is therefore
representative.
• The mean of the distribution of heights in our sample of students
is an estimator for the mean of the heights of in the population.
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Random sample and the law of large
numbers
• “Random sampling with replacement” guarantees an identically,
independently distributed sequence of n random variables.
• We use the central limit theorem to determine that the
distribution of the mean of the sample (which is a random
variable) is a normal distribution, with the same mean as the
population, and a variance which is a function of the sample size
and the population variance.
• Thus we predict that the mean of the sample will be close to the
population mean and that it will not systematically tend to be
too large or too small.
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The Central Limit Theorem
• The Central Limit Theorem is a very general theorem of
probability theory. The version we use is
Let F be a distribution with ﬁnite mean µ and ﬁnite
variance σ 2, and Xi , i = 1, . . . , n be a sequence of
random variables identically and independently distributed
1 ∑n
according to distribution F . Then n i=1 Xi is a random
σ2
variable whose distribution converges to N (µ, n ) as n
becomes large.
• “Converges” is deﬁned in probability theory; we don’t need to
know the deﬁnition here. Do remember that the Central Limit
Theorem is an approximation.
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Estimator bias
• The bias of µ̂ as an estimator of µ is deﬁned E[µ̂ − µ].
• If an estimator’s bias is zero, the estimator is said to be
unbiased. Otherwise it is biased.
• For an unbiased estimator, E[µ̂] = µ.
• Although the parameter µ is unknown, we can often still
compute bias!
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Large sample theory
• Sometimes an estimator µ̂ of µ is biased, but we can show that
limn→∞ P [ω : µ̂(ω) − µ > ϵ] = 0 for any ϵ > 0. Such an estimator
is called consistent.
• In this case (very) large samples are preferred.
• An unbiased estimator is always consistent.
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Bias of the sample mean
• We are using the sample mean X̄ =
the population mean µ.

1
n

∑n
i=1

Xi as an estimator of

• In a random sample with replacement, each Xi has the same
distribution, and therefore the same mean µ, as the population
distribution. Thus by linearity
n
n
n
1∑
1∑
1∑
E[X̄] = E[
Xi ] =
E[Xi ] =
µ = µ.
n i=1
n i=1
n i=1

• In this case, the bias is zero, the sample mean is unbiased:
E[X̄ − µ] = E[X̄] − µ = µ − µ = 0.
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Estimating the variance
• The variance (or equivalently, the standard deviation) of the
population is obviously an interesting quantity in itself,
especially for distributions of known form (such as normal).
• An estimate of variance is essential to estimate the error in other
estimates (such as our estimate of the mean).
• It is also essential for interval estimates and hypothesis testing.
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Estimator accuracy
• According to the Central Limit Theorem, X̄ has the
σ2
(approximate) distribution N (µ, n ).
• Let’s use the same strategy for estimating σ 2 as we did for µ:
take the corresponding variance of the sample.
• This is non-linear, so we need to check for bias. Evaluating
1 ∑n
E[ n i=1 (Xi − X̄)2 ]
n
n
1∑
1∑
= E[
(Xi −
Xj )2 ]
n i=1
n j=1
n
n
n
n
∑
∑
∑
2
1
1
1∑
(Xi2 − Xi
Xj + (
Xj )(
Xk ))]
= E[
n i=1
n j=1
n j=1
n k=1
n
n
n ∑
n
∑
∑
2
1
1∑
(Xi2 −
Xi Xj + 2
Xj Xk )]
= E[
n i=1
n j=1
n j=1 k=1
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Evaluating the expectation
• Now we apply linearity and independence for i ̸= j and j ̸= k:
n
∑
1∑
2
2
2
=
E[Xi ]E[Xj ])
(E[Xi ] − (E[Xi ] +
n i=1
n
j̸=i
n
n ∑
∑
1 ∑
+ 2 ( E[Xj2 ] +
E[Xj ]E[Xk ]))
n j=1
j=1 k̸=j

• We use the property E[Xi ] = µ, and deﬁne for convenience
µ2 = E[Xi2 ] (which makes sense because of identical
distributions):
n
n
n ∑
∑
∑
∑
1∑
2
1
=
(µ2 − (µ2 +
µ2 ) + 2 ( µ2 +
µ2 ))
n i=1
n
n j=1
j=1 k̸=j
j̸=i
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Finishing the evaluation
• Now we collect terms:
n
n
n ∑
∑
∑2
1∑
1
2 ∑
1
2
=
)µ
))
((1 − +
)µ
+
(
−
2
2
2
n i=1
n j=1 n
j=1 k̸=j n
j̸=i n

• Simplify, and restate in expectation and variance terms:
n−1
n−1
2
=
(µ2 − µ ) =
(E[Xi2 ] − (E[Xi ])2 )
n
n
n−1 2
n−1
V[Xi ] =
σ
=
n
n
• The variance of the sample is a biased estimator of the
population variance!
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Sample variance and standard error
• We deﬁne the sample variance
n
∑
1
s2 =
(Xi − X̄)2
n − 1 i=1

which is an unbiased estimator of the population variance, as
√
well as the sample standard deviation s = s2 .
• Recall that the variance of the estimator of the mean is

σ2
.
n

– If we know the variance, we use this formula as is, and the
standard error of the estimate is √σn .
– If we do not know the variance, but estimate it using s2 , then
we need to apply the same correction factor as we did to
s
eliminate bias, and the standard error of the estimate is √n−1
.
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Why the correction factor?
• Recall that when we drew balls from a jar without replacement,
the more balls we drew, the better we could predict the next
ball. There was less variation, or “freedom,” in the box.
• Similarly, consider this expression from the derivation of the
expected value of the variance of the sample:
n
n
n
n
∑
∑
1∑
1∑
1
E[
(Xi −
Xj )2 ] = E[ 2
(nXi −
Xj )2 ].
n i=1
n j=1
n i=1
j=1

• Note that in the sum over j, there will be an Xi , which cancels
one of the n Xi s. Thus the estimate actually uses only n − 1 of
the observations, and so is less accurate.
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Degrees of freedom
• Since in estimating µ with X̄ we use all the data, we say the
estimator has n degrees of freedom. When estimating σ 2 with ss ,
however, ﬁrst we must estimate µ with X̄, using up one degree
of freedom, and leaving only n − 1 degrees of freedom for the
estimator for σ 2 .
• In general, whether we estimate sequentially (as here) or jointly
(as in regression analysis), we count the degrees of freedom as
n − (k − 1) where n is the number of observations, and k is the
number of parameters estimated.
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How much does the variance vary?
• If you thought to ask “what is the accuracy of the sample
variance?”, congratulate yourself. You have understood very
well!
– This is the right kind of question.
– If you are taking statistics (mean, median, or any other), you
are doing so to summarize varying data; the amount of
variation is always important.
• We actually don’t normally worry about this, because the sample
variance is not easy to interpret, and the variance or standard
deviation cannot make more sense than the estimator itself.
• On the other hand, the sample standard deviation is a nonlinear
function of the distribution, and calculating its moments is hard.
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Interval estimates
• In opinion polls, you will often see estimates qualiﬁed with an
estimate of the likely deviation from the truth, such as
“45% ± 3% of the voters plan to vote for the LDP.”
• This is called an interval estimate (区間推定) or conﬁdence
interval (信頼区間). It is interpreted as 0.42 ≤ α ≤ 0.48 (α is the
fraction of LDP voters).
• Where does the ±3% come from? Can we guarantee that α is
truly in that range? No.
• We are conﬁdent that it is, and can quantify our conﬁdence in
probability-like terms, such as a 90% conﬁdence interval.
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Conﬁdence is not probability
• We quantify “conﬁdence” in probability-like terms.
• However, it is not a probability. If we estimate the mean by
X̄ ± .03, the true µ either is in the range, or it is not. We don’t
know which is true, but it’s not random!
• One way to think about it is to try to compute a probability.
Suppose our distribution is normal. Then to compute a
probability we need to know the mean. But our conﬁdence
interval says that the mean is somewhere between 1.5 and 3.2.
What does
∫

2

−∞

1.4 and 3.2) 2
1 −( z−(somewhere between
) dz
2
√ e
2π

mean?
May 23, 2013

45

interval estimation

Computing conﬁdence: upper bound
We are 95%
conﬁdent that α is
smaller than 0.48
because if α were
0.48, the
probability of α̂
being 0.45 or more
is 0.95. It is
unlikely that we
observe α̂ as small
as 0.45, given the
estimated mean α̂.
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Computing conﬁdence: lower bound

We are 95%
conﬁdent that α is
larger than 0.42
because if α were
0.42, the
probability of α̂
being 0.45 or less is
0.95.
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A symmetric interval
We are 90%
conﬁdent that α is
larger than 0.42
but lower than
0.48. The
deviation
probabilities
(“probability of
deviation outside
the limit”) are
equal.
May 23, 2013

48

interval estimation

How not to compute a conﬁdence interval

This is the wrong
way to compute a
90% conﬁdence
interval; it assumes
that α = 0.45, i.e.,
α̂ is known to be
correct. But α is
unknown.
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A skewed distribution

We call this an
asymmetric
conﬁdence interval
because the
deviation
probabilities are
equal, not the
distance from the
mean. It’s the
right way to do it.
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Incorrect interval for skewed distribution

Note the distances
to the upper and
lower bounds are
reversed.
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Homework 5: due May 24, 11:45am
Due Thursday, 2012-05-24, 11:45 am. Submit by email to
data-hw@turnbull.sk.tsukuba.ac.jp. Your header should look
like this:
From: a-student@sk.tsukuba.ac.jp
To: homework@turnbull.sk.tsukuba.ac.jp
Subject: Basic Data Analysis HW#5
The subject should be all half-width Roman letters (ASCII).
The address in From is an example; you may use your
s0000000@u.tsukuba.ac.jp address or non-University addresses
such as Gmail or Yahoo as well.
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1. Suppose you pick a child from an elementary school at random,
and you ﬁnd out what his or her grade is. What events can you
deﬁne for the student’s grade? What are the primitive events
here? When would you expect symmetry to apply to the events
“student is in grade N ”? When would you expect symmetry to
apply to the primitive events you chose?
2. Sketch (by hand) the standard normal density.
(a) On the graph indicate the point z0 such that F (z0 ) = 0.5.
(b) On the graph indicate the point z1 such that F (z1 ) = 0.05.
Shade (color) the part of the graph corresponding to the
probability 0.05.
(c) On the graph indicate the point z2 such that
1 − F (z2 ) = 0.10. Write the event E such that Pr(E) = 0.10
in terms of a standard normal r.v. Z and z2 .
(d) Write Pr({Z| − 2.0 < Z ≤ 1.0}) in terms of F .
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3. (From Freedman, et al., Ch. 5.7, Review Exercise #2.) You are
looking at a computer printout of 100 test scores, which have
been standardized. The ﬁrst ten entries are
-6.2 3.5

1.3

-0.13

4.3

-5.1

-7.2

-11.3 1.8

6.3

Does the printout look reasonable, or is something wrong with
the computer program?
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4. (From Freedman, et al., Ch. 4.8, Review Exercise #10.)
Incoming students at a certain law school have an average LSAT
(Law School Aptitude Test) score of 163 and an SD of 8.
Tomorrow, one of these students will be picked at random. You
have to guess the score now; the guess will be compared with the
actual score, to see how far oﬀ it is. Each point of diﬀerence will
cost you 100 yen. (For example, if the guess is 158 and the score
is really 151, you will have to pay 700 yen.)
(a) Is the best guess 150, 163, or 170? Why?
(b) You have about 1 chance in 3 to lose more than
. (Fill in
the blank with one of 100 yen, 800 yen, or 2000 yen.)
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5. (From Freedman, et al., Ch. 6.6, Special Review Exercise #2.)
A large, representative sample of Americans was studied by the
Public Health Service, in the Health and Nutrition Examination
Survey (HANES2). The percentage of respondents who were
left-handed decreased steadily with age, from 10% at 20 years to
4% at 70. “The data show that many people change from
left-handed to right-handed as they get older.” True or false?
Why? If false, what alternative explanation do you propose?
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